Self-consistent calculations of singleK-nuclear states and multiK-nuclear states are briefly reviewed. Dynamical effects forK deeply bound nuclear states are studied within the relativistic mean-field (RMF) approach. By varying the strength ofK-nucleus interaction, we cover a wide range of binding energies BK . Our calculations provide a lower limit ΓK = 50 ± 10 MeV on the widths ofK nuclear bound states for binding energy in the range BK ∼ 100-200 MeV. Substantial polarization is found in light nuclei for deeply boundK nuclear states, with central nuclear densities about twice higher than for the corresponding nuclei withoutK. Multi-K nuclear calculations indicate that the binding energy perK meson saturates upon increasing the number ofK mesons embedded in the nuclear medium. The nuclear andK densities increase only moderately and are close to saturation, with no indication of any kaon-condensation precursor phenomena.
Introduction
In the last decade, we witness an increased interest in exploring the behaviour of antikaons in the nuclear medium. TheK nucleus interaction near threshold is strongly attractive and absorptive as derived from the strong interaction shifts and widths in kaonic-atom levels [1] . The calculations existing to date for theK-nucleus interaction give essentially two different predictions. Global density dependent fits [2, 3] lead to optical potentials 150−200 MeV deep, whereas coupled-channel calculations based on chirally inspired models of theKN interaction [4, 5] yield relatively shallow potentials with depth ≈ 50−60 MeV. The depth of theK-nucleus potential is closely related to the existence ofK nuclear states: Is it possible to bind stronglyK in a nucleus and are such quasi-bound states narrow enough to allow observation?
This issue has received considerable attention since few years ago, when Kishimoto suggested to look forK-nuclear states in the nuclear reaction (K − , p) in flight [6] and Akaishi and Yamazaki [7] predicted a narrowKNNN I = 0 nuclear state bound by more than 100 MeV. In calculations done by Doté et al. [8] for very light nuclei, the strongly attractiveK-nucleus interaction caused a considerable polarization of the nuclear core.
Several experimental reports presented peaks that were assigned to relatively narrow (Γ 25 MeV) and over 100 MeV deep K − nuclear states [9, 10] . However, these candidates have been withdrawn at present [11] .
The FINUDA experiment at DA NE reported evidence for deeply bound K − pp states in Li and 12 C [12] . Magas et al. [13] presented an alternative interpretation in terms of Fermi motion of the initial pp pair and the final state interaction of the emitted Λp pair. Indeed, the FINUDA Collaboration studied the K − stop pn → Σ − p reaction in 6 Li [14] and concluded that the measured proton spectrum can be explained in terms of the interaction of the K − on a "quasi"-deuteron cluster in 6 Li without considering any K − d quasi-bound state. Another very recent candidate for an extremely deep and narrow K − pp state, with B K − pp ≈ 160 MeV and Γ ≈ 30 MeV has been observed in decay Λp pairs, usingp annihilation data on 4 He at LEAR, CERN [15] . Finally, preliminary evidence for a surprisingly narrowKNNN quasi-bound state (B ≈ 60 MeV, Γ ≈ 35 MeV) has been reported by the FINUDA Collaboration on 6 Li by observing back-to-back Λd pairs [16] .
Existing theoretical few-body calculations using a single-channel G-matrix or AMD methodology [7, 17] , and coupled-channelKNN − πΣN Faddeev equations [18, 19] agree on K − pp being bound. However, they differ on the binding energy and particularly on the width calculated for this system.
The issue ofK nuclear quasi-bound states is clearly far from being resolved and more experimental as well as theoretical explorations are necessary.
This paper reports on our recent calculations ofK nuclear states within the relativistic mean field (RMF) approach. In the first part, we explore dynamical aspects of theK-nucleus interaction, with the main objective to place lower limits on the widths of possibly deeply boundK nuclear states. This is done by scanning on theK coupling constants in order to cover a wide range of binding energies.
The second part of this work is devoted to deeply bound multi-K nuclear states. We explore whether the binding energy perK meson in multi-K systems increases sufficiently upon adding a large number ofK mesons, so thatK mesons provide the physical degrees of freedom for self-bound strange hadronic systems. Kaon condensation in nuclear matter would occur beyond some threshold value of strangeness, if the binding energy perK meson exceeds the combination m K + μ N − m Λ 320 MeV, where μ N is the nucleon chemical potential. In such a case, Λ, Σ and Ξ hyperons would no longer combine macroscopically with nucleons to compose the more conventional kaon-free form of strange hadronic matter [20] . The RMF approach was originally applied to the study of kaon condensation without considering a possible interplay with hyperons [21, 22] and then with hyperons included [23, 24] .
In Section 2 we briefly outline the applied RMF model and discuss its extension to describe theK absorption in the nuclear medium. We present only selected results of our dynamical calculations in Section 3. We refer the interested reader to our recent papers [25, 26] for more detailed discussion. Conclusions are summarized in Section 4.
Model

Equations of motion
Bound nuclear systems of nucleons and one or severalK mesons are studied within the relativistic mean field framework, where the interactions among hadrons are mediated by the exchange of scalar and vector meson fields. In our model Lagrangian, a standard nuclear part L N is extended by the Lagrangian density L K describing the kaonic sector:
Here K (K † ) denotes the kaon (antikaon) doublet and the covariant derivative
ensures the coupling of the vector meson fields to conserved currents. The standard variational principle yields equations of motion for all field operators (see Ref. [26] for details). While the additional Lagrangian L K does not affect the original form of the corresponding Dirac equation for nucleons, the presence ofK induces additional source terms in the Klein-Gordon (KG) equations for the meson fields to which theK meson couples. For instance, in the case of K − mesons the source terms for vector fields contain the K − density
where
The density ρ K − is normalized to the number of antikaons κ in a system. TheK mesons thus modify the scalar and vector potentials which enter the Dirac equation for nucleons. This leads to rearrangement of the nuclear core in the presence ofK mesons. The Klein-Gordon equation for the K − meson acquires the form
with the K − self-energy given by
It is to be noted that similar expressions hold forK 0 mesons. In order to account forK absorption in the nuclear medium and to evaluate theK decay width ΓK , the self energy in Eq. (3) was extended by Im Π K − = 2E K − Im V opt and the (real) energy
TheK absorption modes were included within a tρ optical-model approach. The amplitude t was near threshold constrained by K − -atom data and the nuclear density ρ was calculated within the RMF model. It should be emphasized that the density ρ is a dynamical entity. TheK, being embedded in the nuclear medium, interacts with the nucleons via meson fields. Consequently, the nucleus gets compressed which leads to increased widths, particularly for deeply bound states. By contrast, the phase-space available forK absorption from deeply bound states is substantially reduced, which acts to decrease the calculated widths. Therefore, suppression factors multiplying Im V opt have to be introduced to account for the phase-space reduction.
Two absorption channels were considered:
The dominant one is due to pion conversion modes on a single nucleon,
with thresholds about 100 MeV (Σ) and 180 MeV (Λ) below theKN total mass. The second channel is due to non-pionic absorption modes on two nucleons,
with thresholds about m π lower than the single-nucleon threshold. The branching ratios (quoted above in parentheses) are known from bubble-chamber experiments [27] . The suppression factors were introduced and discussed in detail in Ref. [25] , where we assumed for both the pionic and multi-nucleon absorption modes a linear density dependence. In the next section, we will demonstrate the effect of a possible ρ 2 dependence of the non-pionic decay mode [26] .
Since Σ final states dominate both the pionic and non-pionic channels [27] , the hyperon Y was taken as Y = Σ . Switching on the πΛ decay mode would increase further the width ofK states by ≈ 15 MeV in the range BK ∼ 100−160 MeV as will be shown below.
In our calculations, the coupled system of equations for nucleons, meson mean fields andK was solved fully self-consistently using an iterative procedure. Obviously, the requirement of self-consistency is crucial for the proper evaluation of the dynamical effects of theK on the nuclear core and vice versa.
Parameterizations
For the nucleonic part L N we used the linear parametrization L-HS [28] as well as the nonlinear parameterizations NL-SH [29] and NL-TM1(2) [30] , which yield quite different values of the nuclear incompressibility. Therefore, different polarization effects due to the presence ofK meson(s) could be anticipated in these models.
The (anti)kaon coupling constants to the meson fields were chosen as follows: The coupling constant g ωK was given a reference value g 0 ωK = (1/3)g ωN following the simple quark model. The reference value for g σ K was taken from fits to kaonic atom data. These two values were then scaled in the calculations by a factor α i (i = σ, ω) in order to scan over different values ofK binding energies. The coupling constants g ρK and g φK were adopted from the SU(3) relations: √ 2g φK = 2g ρK = g ρπ = 6.04 [24] .
Results and discussion
Single-K − nuclei
The main objective of the present calculations of K − -nucleus bound states was to establish correlations between various observables such as the K − binding energy, width and macroscopic nuclear properties. Varying the K − coupling constants g σ K and g ωK we covered a wide range of binding energies in order to evaluate widths of possible strongly bound K − nuclear states. Furthermore, in order to study effects of the nuclear polarization, we calculated rms radii, nuclear density distributions, average densities of the nuclei involved, and also single particle energies. We present here only selected results, more detailed discussion can be found in Refs. [25, 26] .
Dynamically calculated widths Γ K − as function of the binding energy B K − are shown in Fig. 1  for 1s states in 12 K − C, 16 K − O, 40 K − Ca and 208 K − Pb. The dashed line shows the static nuclear-matter calculation for ρ 0 = 0.16 fm −3 , using the same kinematical phase-space suppression function. It is clearly seen that the dependence of the width of the K − nuclear state on its binding energy follows closely the shape of the dotted line for the static nuclear-matter limit. This dependence is mainly due to the binding-energy dependence of the suppression factor which falls off rapidly until B K − ∼ 100 MeV, where the dominant absorption modeKN → πΣ gets switched off. In the range B K − ∼ 100−200 MeV the width is dominated by the two-nucleon absorption modes. Here, the calculated widths for 12 C, 16 O and 40 Ca assume values Γ K − = 45 ± 5 MeV, about a factor of two higher than what the static nuclear-matter calculation gives. This is due to the dynamical nature of the calculation whereby the nuclear density is enhanced. Replacing ρ by ρ 2 for the density dependence of the multi-nucleon absorption modes leads to even larger widths of the 1s K − nuclear states as shown in Fig. 2 . The effect of the ρ 2 dependence, particularly in the region B K − ∼ 100−200 MeV, results from the increased nuclear density. Switching on the πΛ A comparison between the statically calculated (open circles) and the dynamically calculated (solid circles) B K − and Γ K − for the 1s state in 16 K − O is shown in Fig. 4 as function of the coupling-constant strengths. It is clear that for B K − > 30 MeV the dynamical calculation gives higher binding than the static calculation does, with the binding-energy gain increasing monotonically with B K − . This effect becomes important for B K − > 50 MeV. The effect on Γ K − is more intricate: the dynamically calculated width is larger than the width calculated statically, except in the region B K − ∼ 80−100 MeV where the kinematical phase-space suppression factor decreases rapidly (see the dashed line in Fig. 1 ). In this region, the dynamically calculated Γ K − corresponds to binding energy B K − which is associated with a considerably smaller value of the suppression factor than in the static calculation, and this effect wins over the width gained by the increased nuclear density. We note that the width calculated dynamically for the 1s nuclear state in 16 K − O does not fall below 40 MeV for the range of B K − considered here. On the other hand, the corresponding minimal value of the statically calculated width is about 30 MeV. In Fig. 4 , we also illustrate the effect of the imaginary potential on the K − binding energy. The dynamically calculated binding energy B K − when Im V opt is switched off is denoted by the dotted line. It is clear that the absorptive potential Im V opt acts repulsively and its inclusion leads to less binding, particularly at low binding energies. The repulsive effect of Im V opt gets weaker with B K − . For B K − 100 MeV it hardly matters for the evaluation of B K − whether or not Im V opt is included. It is to be noted that theKN → πΛ channel was neglected and the linear ρ density dependence of the two-nucleon absorption mode was considered in the calculations presented in Fig. 4. 
Multi-K nuclei
We embedded several (κ 2) antikaons in the nuclear medium and studied the nuclear response, as well as the energies and widths of bound states in such multi-K nuclear systems. We studied nuclear systems containing either only K − mesons or onlyK 0 mesons. K 0 curves is relatively small, a few MeV at most, decreasing with κ due to the increased role of the Coulomb repulsion among the K − mesons.
The dependence of the nuclear density ρ N (r) and theK density ρK (r) on the number ofK mesons embedded in the nuclear medium is shown for 208 Pb + κK − in Fig. 6 . We note that the K − density ρ K − is normalized to the number of antikaons κ in the system. The K − couplings were chosen such that the 1K − configuration was bound by 100 MeV. For comparison, we also show the density distribution ρ N for the nucleus without K − mesons. The density distributions behave quite regularly as function of κ. The increase of the nuclear density due to the 1s antikaons is limited to the vicinity of the nuclear center where the density ρ K − is substantial. The gradual increase of ρ K − as well as of ρ N slows down with κ, leading to saturation in oxygen for κ ≈ 10 and in lead for κ ≈ 14 (see Fig. 6 ). This saturation is more apparent when the K − densities ρ K − are normalized to unity by dividing by κ.
Conclusions
In this paper I reviewed our recent dynamical calculations ofK nuclear bound states in a wide range ofK binding energies from weak binding (and very large widths) as appropriate to chirally motivated shallowK-nucleus potentials [4, 5] to tight binding (with phase-space reduced widths) corresponding to phenomenological deep potentials [2, 3] .
Substantial polarization of the core nucleus was found in light nuclei for deeply boundK nuclear states. However, the highest densities reached are considerably lower than those predicted for few-body systems by Akaishi and Yamazaki, and Doté et al. [7, 8] . The widths of theK nuclear states are mostly determined by phase-space suppression on top of the increase provided by the compressed nuclear density. Significant contributions from thē KN → πΛ conversion mode, and from the non-mesonicKNN → Y N conversion modes which are assumed to follow a ρ 2 density dependence, were evaluated for the deep binding-energy range of over 100 MeV where the decay channelKN → πΣ is closed. Altogether our calculations yield K − total decay widths of 50-100 MeV for binding energies exceeding 100 MeV in single-K − nuclei.
We studied also nuclear systems containing several antikaons. The nuclear andK densities were found to behave quite regularly upon increasing the number of antikaons embedded in the nuclear medium. The calculations do not indicate any abrupt or substantial increase of the densities. The central nuclear densities in multi-K nuclei appear to saturate at less than 60% higher values than the central nuclear densities in the corresponding systems with one antikaon. Furthermore, theK binding energy saturates upon increasing the number ofK mesons embedded in the nuclear medium. The saturated values ofK binding energies do not exceed the range of values 100-200 MeV considered normally as providing deep binding for one antikaon. This range of binding energies leaves antikaons in multi-K nuclei comfortably above the range of energies where hyperons might be relevant. It is therefore unlikely that multi-K nuclei may offer precursor phenomena in nuclear matter towards kaon condensation.
